Abstract. In this paper we prove an existence and uniqueness theorem for the Dirichlet problem in W 2,p s for second order linear elliptic equations in unbounded domains. Here the leading coefficients are assumed to be locally V M O and satisfy a suitable condition at infinity.
1. Introduction. Let us consider the Dirichlet problem
where Ω is a sufficiently regular open subset of R n (n ≥ 3), p ∈ ]1, +∞[, L is the uniformly elliptic second order linear differential operator defined by
with coefficients a ij = a ji ∈ L ∞ (Ω), i, j = 1, . . . , n. The problem (1.1) has been studied by several authors under various additional hypotheses on the a ij 's. In particular, a relevant existence and uniqueness theorem has been obtained in [6] , [7] , under the assumption that Ω is bounded, a ij 's are of class V M O and a i = a = 0. This latter condition has been removed in [15] , [16] . Recently, the above results have also been extended to the case of unbounded open sets (see [4] , [5] ).
More precisely, in [4] , [5] , assuming that Ω has the uniform C 1,1 -regularity property, the leading coefficients satisfy similar restrictions to those in [6] , [7] and the lower-order coefficients are in suitable spaces of Morrey type, the authors obtained certain a priori bounds for the solutions of (1.1). Using such estimates some existence and uniqueness results are established.
The aim of this paper is to study the problem (1.1) in certain weighted Sobolev spaces. Actually, we consider the following Dirichlet problem:
are suitable weighted Sobolev spaces on an unbounded domain. Here, the hypotheses on the coefficients of the operator L are similar to those required in [4] , [5] .
The class of weight functions we deal with is the set of all measurable functions
with d ∈ R + . Examples of functions verifying (1.4) are:
If m satisfies the condition (1.4) and
Moreover,
We note that the weight function m s has the role to fix the behaviour at infinity of the functions which lie in the weighted Sobolev space and of their derivatives.
We recall that in [3] it has been proved that there is a regularization function σ verifying (1.4) too, which is equivalent to m and such that:
Indeed, via the above condition (1.6), it has been proved that the map
The last result allows to use, in [3] , a priori no weighted estimates in [4] , [5] to obtain a priori bounds for the solutions of the weighted problem (1.3). Since the lower terms are included in the operator L, in order to get such a priori bounds, it was necessary to study the multiplication operator
and find conditions on the function g which assure the boundedness or the compactness of (1.8).
In this paper, using an existence and uniqueness result for problem (1.1) (see [5] ), the topological isomorphism (1.7) again, and an a priori estimate, obtained in [3] , we are able to establish a uniqueness and existence theorem for problem (1.3) .
A similar weighted problem was studied in [1] , [2] , with weight functions from a smaller class of that considered in this paper. 
functions defined on F , we denote by X loc (F ) the class of all functions g : F → R such that ζ g ∈ X(F ) for any ζ ∈ D(F ). Finally, for any x ∈ R n and r ∈ R + , we put B(x, r) = {y ∈ R n : |y − x| < r}, B r = B(0, r) and F (x, r) = F ∩ B(x, r). Now let us recall the definitions of the function spaces in which the coefficients of the operator will be chosen. If Ω has the property
where A is a positive constant independent of x and r, then it is possible to consider
endowed with the norm defined by (2.2). Then we defineM t,λ (Ω) as the closure of
• (Ω). A more detailed account of properties of the above defined function spaces can be found in [11] , [12] and [13] . < +∞, then it is easy to verify that m ∈ G d (Ω) if and only if there exists γ ∈ R + such that
where γ ∈ R + is independent of x and y.
Observe that from (3.1) it follows
Now we define the class of weight functions in the following way:
Examples of functions in G(Ω) are:
We can easily verify that if m ∈ G(Ω) then :
Note that if m ∈ G(Ω) and Ω has the cone property, then it can be found a regularization function σ ∈ G(Ω) ∩ C ∞ (Ω) which is equivalent to m and such that
where c α is independent of x (see Lemma 3.2 in [3] ). Some further interesting properties of the above defined weight functions can be found in [3] .
Let m be a function of class G(Ω). If k ∈ N 0 , 1 ≤ p < +∞ and s ∈ R, consider
Moreover, denote by
. A more detailed account of properties of the above defined spaces can be found, for instance, in [14] . Now we consider the following condition:
(h 0 ) Ω has the cone property, p ∈]1, +∞[, s ∈ R, k, t are numbers such that:
From Theorem 3.1 of [9] we have the following. 
with c depending only on Ω, n, k, p and t.
From now on, we will focus our attention on weight functions m in G(Ω) such that:
Without loss of generality, we can assume that only (3.6) holds. In fact, if the assumption (3.6) doesn't hold and then (3.7) holds we could give again the same proofs choosing like σ the regularization function of the function 1 m .
Tools. Let fix a cutoff function
Then we can define a sequence of functions (ζ k ) k∈N by
If Ω k = {x ∈ Ω : σ(x) < k }, we easily have, for every k ∈ N, that
Now we can show that suitably combining the functions ζ k and σ, we can determine a sequence of functions (η k ) k∈N , whose elements play a fundamental role in the sequel.
Let us define, for every k ∈ N,
Simple calculations show that
where c k ∈ R + depends only on k.
So for any k ∈ N, it holds that
Moreover, for every k ∈ N the following estimates about derivatives hold
and, more generally,
with c 1 , c 2 , c 3 and c 4 independent of k. 
with the following conditions on the coefficients:
there exist functions e ij , i, j = 1, . . . , n, g and µ ∈ R + such that
where
Observe that under assumptions (
Adding the following assumption on the weight function
we can prove our uniqueness theorem.
has only the zero solution.
Proof. From Theorem 4.3 of [5] and from the bounded inverse theorem (see Theorem 3.8 of [10] ), there exists c 1 ∈ R + such that
, from (5.3) then there exists c 2 ∈ R + , independent of u and k, such that
For simplicity, in the sequel, we will write
from (5.4) and (5.5) we have:
where c 3 ∈ R + is independent of u and k. From Theorem 3.1 with s = 0 and from (4.10) we get:
where c 4 is independent of u and k. Thus, by (4.10), (4.11), (5.6) and (5.7), with easy computations, we obtain the bound:
where c 5 is independent of u and k.
By hypothesis (h 4 ), there exists k 0 ∈ N such that:
(5.9) sup
Now, if we denote with η the function η k0 , from (5.8) and (5.9) we can deduce that:
and then, using (4.9), from (5.10) we obtain that:
with c 6 , c 7 independent of u, and then the claimed result.
6. Existence results. The aim of this section is to establish some existence results concerning the problem (1.3). We start with a lemma which we will need in the proof of our main existence result.
and assume that (h 1 ),(h 2 ),(h 4 ) hold. Then the Dirichlet problem
is uniquely solvable.
Proof. Note that u is a solution of the problem (6.1) if and only if w = σ s u is a solution of the problem
Since, for any i, j ∈ {1, . . . , n}
3) is equivalent to the problem
where:
By Theorem 4.3 of [5] , (1.6) of [11] and (3.3), we obtain that (6.4) is uniquely solvable and then the problem (6.1) is uniquely solvable too. Using Lemma 6.1, the problem (6.7)
Therefore, this latter result and the estimate (6.6) allow to use the method of continuity along a parameter (see, e.g., Theorem 5.2 of [8] ) in order to prove that the problem (6.8)
is likewise uniquely solvable. The proof is now complete.
